Combining Left- Right And Quark-Lepton Symmetries In 5D 
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A five dimensional model containing both left-right and quark-lepton symmetries is constructed, with the 
gauge group broken by a combination of orbifold compactification and the Higgs mechanism. An analysis of the 
gauge and scalar sectors is performed and it is shown that the 5d model admits a simpler scalar sector Bounds 
on the relevant symmetry breaking scales are obtained and reveal that two neutral gauge bosons may appear in 
the TeV energy range to be explored by the LHC. Split fermions are employed to remove the mass relations 
implied by the quark-lepton symmetry and the necessary fermion localisation is achieved by introducing bulk 
scalars with kink vacuum profiles. The symmetries of the model constrain the Yukawa sector, which in turn 
severely constrains the extent to which realistic split fermion scenarios may be realized in the absence of Yukawa 
coupling hierarchies. Nevertheless we present two interesting one generation constructs. One of these provides 
a rationale for mt > mt, m-r and m,^ <^ rrit with Yukawa parameters which vary by only a factor of five. The 
other also suppresses the proton decay rate by spatially separating quarks and leptons but requires a Yukawa 
parameter hierarchy of order 10^. 
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I. INTRODUCTION 

Whilst the Standard Model (SM) of particle physics is a 
very successful theory, it must be admitted that the fermionic 
sector of the model contains a rather strange set of gauge 
group representations. One of the triumphs of the SM is the 
fact that this set of fermion representations conspires to en- 
sure the model is free from both gauge and global anomalies. 
Though anomaly cancellation provides a very strong motiva- 
tion for the necessity of the observed representations, it does 
not provide any insight into their origin. Many questions re- 
main, including 'Why are left-chiral fermions distinguished 
from right-chiral fermions?' , 'Why are quarks and leptons dif- 
ferent?' and 'What is the origin of the strange set of hyper- 
charge values?'. 

The Left-Right (LR) Ot] and Quark-Lepton (QL) H sym- 
metric models were introduced in an effort to answer these 
questions; the hope being that the somewhat awkward ar- 
rangement of fermions found in the SM may be simplified 
by a more fundamental theory possessing a larger degree of 
symmetry. Both the LR and QL models simplify the struc- 
ture of the SM fermion representations by relating previously 
disparate fields. However it is not until these symmetries are 
combined together in the so called Quark-Lepton Left-Right 
(QLLR) symmetric model that the fermionic sector of the SM 
simplifies dramatically. Indeed with both QL and LR symme- 
tries the assumed existence of one SM field mandates the ex- 
istence of all other SM fields from the same generation 131 14|]. 

The goal of Grand Unified Theories (GUTs) is to unite the 
SM forces into one larger gauge group and reduce the number 
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of independent fermion representations. It is a remarkable fea- 
ture of the QLLR model that the quantum numbers of quarks 
and leptons may be unified independent of gauge unification. 
This interesting fact makes it possible that fermionic unifi- 
cation may be observed at low (TeV) energies even if gauge 
unification does not occur until a very large energy scale. 

A standard problem which arises when one extends the SM 
to obtain a greater degree of symmetry is that the symmetry 
breaking sector of the model must also be extended. This is- 
sue is often coupled with the method of mass generation in 
the neutrino sector, with one stage of high energy symmetry 
breaking assumed to result from a scalar field which possesses 
the quantum numbers necessary to couple to a right-chiral 
neutrino Majorana bilinear. Both the SU (2)^ scalar triplet in 
the LR model and the leptonic colour [SU (3);] sextet scalar in 
the QL model serve the dual purpose of partially breaking the 
gauge symmetry and generating a large right-chiral neutrino 
Majorana mass. 

This has the desirable consequence of allowing the see-saw 
mechanism to be implemented, but at the expense of introduc- 
ing scalars which do not transform as a fundamental represen- 
tation of the gauge group. The problem becomes even more 
severe in the QLLR model; one introduces seventy two addi- 
tional complex scalar degrees of freedom in the form of gauge 
representations which transform as chiral SU{2) triplets and 
colour SU (3) sextets. The QLLR symmetry ensures that once 
one assumes the existence of a scalar which induces a right- 
chiral neutrino Majorana mass three additional scalar multi- 
plets are also required. 

The large interest in extra dimensional models in recent 
years has uncovered new mechanisms to achieve symmetry 
breaking. Using orbifold symmetry reduction allows one to 
reduce the bulk symmetry to some subgroup operative at low 
energies (or the zero mode level). This can reduce the number 
of scalars required in a model and thus simplify the symmetry 
breaking sector. However the removal of scalars (and in par- 
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ticular the reduction of the SM cutoff in models which seek to 
solve the hierarchy problem) often removes the see-saw mech- 
anism as a viable source of neutrino mass suppression. 

Fortunately the inclusion of additional spatial dimensions 
permits new mechanisms for suppressing neutrino masses. In 
particular split fermions allow one to suppress fermion masses 
relative to the electroweak scale by spatially separating left- 
and right-chiral fermions in an additional dimension |5]. The 
subsequent reduction in higher dimensional wave function 
overlap serves to suppress the effective Yukawa coupling con- 
stants in the 4d theory. 

In this work we investigate the implementation of these two 
mechanisms in the context of a QLLR model. The objective of 
our paper is to retain the attractive fermionic unification found 
in QLLR models but reduce the complicated symmetry break- 
ing sector required in 4d constructs. We find that the scalar 
sector of the model may be significantly reduced in 5d with 
the seventy degrees of freedom previously mentioned not re- 
quired to achieve a realistic low energy model. The symmetry 
breaking sector of our model has the additional consequence 
of permitting the two exotic neutral gauge bosons found in 
QLLR models, Z' and Z" , to appear at TeV energies and thus 
be observable at the LHC. Previous works have all required 
one of these bosons to be unobservably heavy. 

The use of split fermions has a number of interesting con- 
sequences. We provide two distinct one generational con- 
structs that suppress neutrino masses to experimentally ac- 
ceptable values and also provide a rationale for the inequal- 
ities vfit > mi,, rrir- However the large degree of symmetry in 
the model severely constrains the Yukawa sectors and it is a 
non-trivial task to obtain fermion localisation patterns which 
account for the range of fermion masses observed and remove 
the need for Yukawa parameter hierarchies. 

We show that one generation of flavour can be accounted 
for with Yukawa parameters which vary only by a factor of 
five. However this setup does not allow one to suppress pro- 
ton decay by spatially separating quarks and leptons and thus, 
along with the majority of split fermion works completed to 
date, the model must be extended to avoid the usual hierarchy 
problem associated with stabilizing the electroweak scale. In 
the alternative construct the proton decay rate is safely sup- 
pressed by separating quarks and leptons, but a Yukawa hi- 
erarchy of order 10^ is necessary to achieve one generation 
of flavour. Thus one may alleviate the hierarchy problem by 
lowering the cutoff to order 100 TeV. Further work is requked 
to see if these promising results can be carried over to a full 
three generation model. 

We note that recent works have investigated the LR 
model lH, 0, i] and the QL model H [H [ll in 5d. The 
concept of leptonic colour has also been generalised in lfl2ll 
and studied within the context of unified theories in ifisl Il4 

The layout of this paper is as follows. In Section HI] we 
review the main features of the QLLR model. Sectionlllllde- 
tails the symmetry breaking sector of our 5d construct and 
Section HV] looks at the gauge sector. The fermionic sector is 
detailed in Section[V] where we briefly describe the features of 
split fermion models required for our investigations and then 



present two promising one generation fermionic geographies. 
In Section |VI] we discuss neutral currents and derive bounds 
on the symmetry breaking scales of the model. We consider 
some experimental signatures of the model in Section lVIll and 
conclude in Section lVIIII 



II. REVIEW OF THE QUARK-LEPTON LEFT-RIGHT 
SYMMETRIC MODEL 

In this section we review the four dimensional QLLR 
model m To this end, let us recall some features of the 
SM, the LR model and the QL model. The fermion spectrum 
of the SM is given by: 

Ql^ (3,2,1/3), (3,1,4/3), ~ (3, 1, -2/3), 

(1) 

Li ^(1,2,-1), efl ~(l,l,-2), 

where we have suppressed generational indices and the quan- 
tum numbers label the transformation properties of the fields 
under Gsm = SU{3)c «) S'[/(2)l (g) U{1)y- Whilst GUTs 
provide us with a candidate explanation for the origin of the 
SM fermion quantum numbers, it is safe to say that we do 
not yet know the underlying theory responsible for the rather 
curious collection of quantum numbers in ([T]i. The key obser- 
vation made in GUTs is that the SM quantum numbers may be 
understood if one embeds the group Gsm into a simple group 
H. The SM fermions are embedded into one (or two in the 
case of SU (5)) representation R of H. By employing a suit- 
able symmetry breaking mechanism to reduce the symmetry 
operative at observable energy scales from the unifying group 
H down to Gsm, the SM fermion quantum numbers may be 
understood in terms of the decomposition of R under the low 
energy group Gsm- 

An alternative approach employed to uncover candidate ex- 
tensions of the SM follows from the observation that there ex- 
ist suggestive similarities amongst the quantum numbers of 
the SM fermions. One similarity is that all left- and right- 
chiral fields possess identical electric and colour charges; an- 
other is the similar family structure of quarks and leptons, with 
all left-chiral fields forming SU{2)l doublets whilst their 
right-chiral partners assume singlet SU{2)l representations. 

The motivation for the LR and QL models arises from these 
observed similarities. By positing that the observed simi- 
larity between left- and right-handed fields is the result of 
an underlying symmetry one is lead to the LR model 
This requires one to increase the fermion content of the SM 
to include ly^ and to extend the gauge group from Gsm to 
Glr = SU{3)c ® SU{2)l ® SU{2)r ® f/(l)B_L. This 
extension has the desirable consequence of simplifying the 
structure of the SM fermion content. The fermion spectrum 
of the LR model is: 

Ql^ (3,2,1,1/3), Qfl,^ (3,1,2,1/3), 

(2) 

Ll^ (1,2, 1,-1), Lfl,^ (1,1,2,-1), 
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and the LR model Lagrangian is taken to be invariant under 
a discrete Z2 symmetry, which we label as , and whose 
action is defined by 

Ll^Lr, Ql^Qr, Wl^Wr, (3) 

where ^^(fl) denotes the S't/(2)i(/f) gauge bosons. Observe 
that the extended model reduces the total number of fermion 
representations and also reduces the number of independent 
U{1) charges per generation from five to two. The group Glb. 
is broken to ensure that C/(l)y C SU{2)ri^U{1)b-l so that 
the SM is recovered at low energies. 

If one instead focuses on the similar family structures of 
quarks and leptons in the SM (assuming three vrs) and fol- 
lows the same procedure one arrives at the QL model |2]. This 
requires Gsm to be extended to Gql = SU{3)i (g) SU{3)c <8) 
SU{2)l (8) U{l)x where SU{3)i is known as lepton colour 
and is the leptonic equivalent of SU{3)c in the quark sector. 
As well as adding vr to the SM fermion spectrum one must 
also triple the number of leptons, giving the fermion spectrum 

Ql^ (1,3,2,1/3), Ll~(3,1,2,~1/3), 
Ufl^ (1,3,1,4/3), £;fl^ (3,1,1,-4/3), (4) 
dfl^ (1,3,1,-2/3), iVj^^(3,l,l,2/3). 

The usual lepton SU{2)l doublet is contained in Ll and cr 
{vr) is found inside Er (Nr). The Lagrangian of the QL 
model permits a discrete symmetry, Z^^, defined as follows: 

Ql ^ Ll Er^ Ur, Nr ^ dR, 

(5) 

Gc^Gu C^-C 

where Gc (Gi) denotes the SU{3)c(i) gauge bosons and C is 
the U{l)x gauge boson. This model reduces the number of 
independent U{1) charges relative to the SM and also reduces 
the number of independent fermion representations per gener- 
ation from five (in the SM) to three. As with the LR model, the 
total number of fermions per generation is greater than that of 
the SM due to the exotics required to permit the defining dis- 
crete symmetry of the model. 

One may combine the symmetries and Z^"^ to obtain 
the QLLR model. The gauge group of this model is 

Gqllr = SUi3)i ® 5C/(3)e ® SU{2)l ® SUi2)R ® U{l)v 

and the fermions are assigned to the following representa- 
tions: 

Ll ^ (3, 1, 2, 1, -1/3), Lr ^ (3, 1, 1, 2, -1/3), 

(6) 

Ql ~ (1,3,2,1,1/3), Qj^~ (1,3,1,2,1/3). 

The action of the discrete symmetry x ^ is defined as 
follows 

Ll ^ Lr V Gi Wl ^ Wr 
till (7) 
Ql ^ Qr -V Gq 



where the QL (LR) symmetry acts vertically (horizontally) 
and V denotes the U{l)v boson. Note that ^ contains only 
one independent fermion field with the quantum numbers of 
all other fermion fields determined completely by the dis- 
crete symmetry. It is interesting that unification of the quark 
and lepton quantum numbers may be achieved in the QLLR 
model, independent of gauge coupling unification. This is 
contrary to the usual expectation that relationships which may 
exist between the quark and lepton quantum numbers are the 
manifestation of a symmetry which is operative only at the 
GUT scale. 

The simplified fermion content of the QLLR model comes 
at the expense of an extended scalar content. Both the SU{3)i 
and SU (2) r symmetries must be broken to reproduce the SM 
at low energies. This breaking proceeds in two steps. The first 
step is achieved by the introduction of the scalars 

Ail ~ (6, 1,3, 1, 2/3), Ai^ ^ (6, 1, 1, 3, 2/3), 

(8) 

A2L - (1, 6, 3, 1, -2/3), A2R ~ (1, 6, 1,3, -2/3), 
which transform as 

Ail ^ Ai_R 

I I (9) 

A2L ^ A2R 

under the discrete symmetries. The Yukawa Lagrangian for 
these fields is 

Ca = XaKLlYLlAil + [LrYLrAir + {QlYQlA2l 
+ (Q^Qi?A2fl]+H.c., (10) 

Provided the neutral component of Ai^j develops a non-zero 
VEV the gauge symmetry will be broken as per 

Gqllr 
i 

SU{2)i (g) SU{3)c (E> SU{2)l ® U{1)y ® U(1)y', 

where Y denotes the SM hypercharge, Y' denotes some or- 
thogonal unbroken U{\) factor whose precise form will not 
be important to us and SU{2)i C SU{3)i. The hypercharge 
generator is given by 

Y = 2l3R + ^T^ + V, (11) 

where = l/\/3 x diag(-2, 1, 1) is a diagonal generator of 
SU{3)i and I^r — 1/2 x diag(l, —1) is the diagonal gener- 
ator of SU {2)r. Further symmetry breaking is accomplished 
by including the usual colour triplet scalars found in QL mod- 
els, namely 

(3, 1,1, 1,2/3), (1,3,1,1,-2/3), 

which form partners under the symmetry, xi ^ Xq- The 
Yukawa Lagrangian for these fields is 

= \[{LlYLlXi + {LrYLrXi + {QLYQLXq 

+ (Q^teg]+H.C.. (12) 
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When the electrically neutral component of xi develops a 
VEV the following symmetry breaking occurs 

SU{2)i (g) SU{3)c (g> SU{2)l(E> U{1)y U{1)y' 
i 

SU{2)i (g) SU{3)c g) SU{2)l <E) U{1)y. 

Note that SU{2)i remains unbroken. Whilst a large num- 
ber of additional scalars are required to achieve the desired 
symmetry breaking it should be pointed out that only two ad- 
ditional Yukawa couplings are introduced. The symmetries 
highly constrain the Yukawa Lagrangian and, though we shall 
not need to consider it, they also constrain the scalar poten- 
tial. Let us discuss briefly the spectrum of exotic fermions 
and gauge bosons expected in the model. 

The VEV hierarchy (Aij,;) 3> (x/) is assumed as the 
nonzero value for {Am) induces a Majorana mass for the 
right-handed neutrinos. After neutrinos acquire a Dirac mass 
at the electroweak symmetry breaking scale the seesaw mech- 
anism will thus be operative to suppress the observed neutrino 
masses below the electroweak scale. The nonzero VEV for 
(Aifl;) also gives mass to the SU{3)i/ SU{2)i coset gauge 
bosons and the Wb. bosons. As the seesaw mechanism re- 
quires (Aiji') to be large, roughly 10^* GeV, these gauge 
bosons become unobservably heavy. The VEV for Ai^ also 
breaks the linear combination of I^p, Ti and V which is or- 
thogonal to Y and Y'. Thus a neutral boson Z" gains a mass 
of order (Ai^). 

The non zero VEV for xi breaks Y', resulting in a mas- 
sive neutral gauge boson with an order (xi) = wi mass. The 
symmetry breaking induced by xi ^Iso gives mass to the ex- 
otic fermions introduced to fill out the SU{'i)i fermion rep- 
resentations. These fermions are known as liptons in the lit- 
erature and are a common feature of models possessing a QL 
symmetry. The unbroken SU (2)/ symmetry serves to confine 
the liptons into two-fermion bound states. These states all 
decay via the usual electroweak interactions into the known 
fermions |4]. The lower bound on wi is of order TeV (we pro- 
vide a detailed discussion of the bound on wi in Section IVlb 
and the key experimental signatures for the model are the Z' 
boson and the liptons. The liptons may be produced at the 
LHC via the usual electroweak interactions and via virtual Z' 
creation. 

The gauge group Gsm ® SU{2)i must be broken down to 
SU (3)c ® U{1)q (E) SU (2);. This requires the introduction of 
a Higgs bidoublet 

$^(1,1,2,2,0), (13) 
resulting in the following electroweak Yukawa Lagrangian 

£$ = X.s.i[LlLr^ + QlQr^] + 

A$2 [LlLb.^ + QlQr^ + H.c, (14) 

where — e^*e (we denote the two dimensional anti- 
symmetric tensor as e) and 



Yukawa couplings in ( fT4b give rise to fermion Dirac masses 
and result in mass relations of the type 



(15) 



(16) 



where is the neutrino Dirac mass. As the light neutri- 
nos acquire mass via the seesaw mechanism the relationship 
'rrid — ni'L' doesn't provide any phenomenological difficulty. 
The right-handed neutrinos acquire a Majorana mass through 
their couplings to Air and there is enough parameter free- 
dom in the Lagrangian Ca to ensure that arbitrary neutrino 
mass values can be obtained. The relationship between the 
down quark mass matrix and the neutrino Dirac mass matrix 
actually serves to reduce the number of parameters employed 
to implement the seesaw mechanism. The mass relations be- 
tween the electrons and the up quarks may also be removed by 
introducing an additional bidoublet $' ~ (1, 1, 2, 2, 0). This 
doubles the number of Yukawa couplings and thus also nulli- 
fies the mass relations nid = m^, thereby reducing predictiv- 
ity of the model. 



III. SYMMETRY BREAKING IN FIVE DIMENSIONS 

In this work we study the quark-lepton left-right symmetric 
extension to the Standard Model in five dimensions. The addi- 
tional spatial dimension is taken as the orbifold S^ jZ^ x Z'^, 
whose coordinate is labelled as y. The construction of the 
orbifold proceeds via the identification y — > —y under the 
Z2 symmetry and y' ~y' under the symmetry, where 
y' = y + 'kR/2. The physical region in y is given by the 
interval [0,7ri?/2]. 

Given the absence of chirality in five dimensions we shall 
denote the gauge group of the theory as S'[/(3); x SU{'i)c x 
S'[/(2)i X SU {2)2 X U{l)v- We will be required to ensure that 
the low energy fermion spectrum contains the chiral fermions 
found in the SM. The zero mode SU {2)n2) gauge bosons will 
eventually be identified with the usual Wl^r:^ bosons in LR 
models via their action on the low energy fermion content. 
Thus the 5d theory is invariant under the interchange 1^2 
which will prove to be equivalent to the usual LR symmetry in 
the low energy theory. This matter has already been discussed 
in ff] . We shall continue to label the discrete symmetry of the 
5d model as Z^^ x Z^". 

The orbifold action also has a definition on the space of 
gauge fields which propagate in the bulk. We define P and 
P' to be matrix representations of the orbifold actions Z2 and 
Z2 respectively. To maintain gauge invariance under these 
projections, the gauge fields must have the transformations 



A^{x'^,y) 

A^{x^,y') 
A5{x^,y') 



A^{x'^,-y) = PA^{x'^,y)p-\ (17) 

A(2:^-y) = -PA(x^y)p-^ 

A^ix'^,-y')=P'A,{x^,y')P'~\ 
A^{x\-y') = -P'A^(x>^,y')P'-\ 



under the QL symmetry. If the neutral components of de- 
velop a VEV the desired symmetry breaking is achieved. The 



where A denotes the bulk gauge sector. 
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(18) 



r 



with M being the 5d Lorentz index, T denotes the SU{3) gen- 
erators, T denotes the SU (2) generators and the gauge indices 
take the values a = 1, 2, .... 8 and i = 1,2, 3. 

Given that P and P' define a representation of reflection 
symmetries their eigenvalues are ±1. We can express these 
matrices in diagonal form, with a freedom in the parity choice 
of the entries. The exact nature of these actions then com- 
pletely determines the gauge symmetry which remains unbro- 
ken in the low energy limit of the theory (namely the zero 
mode gauge sector). Unless P is the identity matrix, not all 
the gauge fields will commute with the orbifold action. These 
fields will not possess a zero mode, and thus only a subset of 
the 5d gauge theory is manifest at the zero mode level. Ideally, 
the bulk gauge group would reduce to Gsm ^ SU (2); at the 
zero mode level; however, this is not directly possible via orb- 
ifolding. The Z2 x Z'2 actions are abelian and commute with 
the diagonal gauge group generators. Subsequently, the rank 
of the bulk gauge group must be conserved at the zero mode 
level. This means that breaking unwanted SU{3) and SU{2) 
factors has the trade-off of retaining spurious U{1) subgroups 
and one must invoke a mechanism in tandem to orbifolding in 
order to accomplish the breaking to Gsm ^ SU{2)i. 

The orbifold action can be decomposed as: 

(P,P') = 

(Pi © Pg © Pi © P2 ® PV, Pi OPg® Pi © P2 ® Pv), 



with 



Pi = diag(l,l,l), P/-diag(-l,l,l) 



Pi 
P2 
Pv 



P^ -diag(l,l,l), 

P{=diag(l,l), 

diag(l,l), P^-diag(-l,l) 

Pi^^l. 



(19) 



The only non-trivial entries occur in the SU{2)2 and SU{?>)i 
gauge space. Denoting these gauge fields as 



W2 



1 f ^/2H// 

2 ^/2W2 



(20) 



and 



Gi 



2 ^0 

2t 



r2Yi 

V2gI 



(21) 



1 /-<o 



the Z2 X Z2 parities of these fields is found to be 



G?^, Gf^, G/p, g\^, W° 



2m 



Y^ 



2m 



( + ,+), 
( + ,-), 

Yih Yil Yil': Ylt ^2%-- (+,-). 



2t 

t 



G°5, Gfg, G/5, G;5, W,° 



2,5 



(22) 
(23) 
(24) 
(25) 



A general five dimensional field, ijj, can be expanded in terms 
of Fourier modes in the compact dimension: 




n—1 



V'(+,-) (2:^,2;) 
V'(-,_)(x^,2;) 



/ttP 
2 

2 



(+,-) 



(x^) cos 



00 



00 
n=l 



R 
{2n 



i)y 



R 

{2n-l)y 



R 



00 



2ny 
~R' 



Thus only fields with a (+, +) parity under Z2 x Z'2 
posses a massless zero mode. Importantly, we see that 

G°, G^, G^, gJj, are the only such four dimensional 
gauge fields to do so. Effectively then our SU{'i)i x SU{2)2 
symmetry has been broken down to SU{2)i x U{l)i x t/(l)2 
at the zero mode level. It is worth commenting that new heavy 
exotic bosons, corresponding to fields with (+,—), (— ,+) 
and (— , — ) parities, exist in Kaluza Klein (KK) states at the 
inverse compactification scale, along with the KK towers for 
the fields with (+, +) parities. The complete zero mode gauge 
group is thus 

SU{2)i X SU{3)c X SU{2)i x U{l)i x U{1)2 x 

The parities in (fT9] l ensure that all fifth dimensional compo- 
nents of the bulk gauge fields do not possess a zero mode. 
Consequently no spurious scalars appear in the low energy 
theory. 

The remaining symmetry breaking shall be achieved via the 
Higgs mechanism. This requires the following scalars 



Xi^ (3,1,1,1,2/3), X, ^ 
XI -(1,1,2,1,1), X2 
(1,1,2,2,0), 



(1,3,1,1,-2/3), 
^ (1,1,1,2,1), 



(26) 



which we take to be bulk fields. As in the 4d case xi ^ Xq 
under and xi ^ X2 under Z2^. We do not define the 
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transformations of the Higgs bidoublet under Z^^ x ZJ^^ at 
this stage. Under Z2 x Z'2 we assume the Higgs fields trans- 
form as: 









= P2X2{x^,y), 


X2(a^^^/') - 


- X2(2:'' 








-> XI (a;'' 




^Pixi{x^,y), 




-> XI (a;'^ 




= -p{xl(a;^y'), 




- x,(a;^ 


-y) 


= Ax9(a;^,y), 




- X,{x>^ 




= ^'^X,(a:^y'), 


xi^x^.y) - 


- X/(x^ 








- X^(^^ 










-y) = 


= Fl$(a:^y)P2-^ 






-y') = 


= Pl'<i>(a;^2/)Pr' 



where the matrix representations of the orbifold reflection 
symmetries in the scalar sector are necessarily the same as 
those introduced for the gauge sector in (fT9] l. The parity as- 
signments for the bulk scalar fields immediately follow: 



XI 



X?^(+,+) 

'"(+,- 

, 1/2 

X31 



X2 



xU+,-) 

X^.2( + ,+) 



We denote the VEVs of the zero mode scalars as 



(27) 



(28) 




(xf ) - 







($(o)\ = 



fc 




(29) 

The subscript R on the X2 VEV has been used to adopt the fa- 
miliar four dimensional notation. Observe that we have not in- 
cluded the four A scalars in ([8]l. These seventy-two degrees of 
freedom have been replaced with the four degrees of freedom 
contained in xi.2- All scalars in the 5d model form fundamen- 
tal representations of the gauge group. This has the advantage 
of decoupling the SU (3); and the SU (2)2 symmetry breaking 
scales. The nonzero value for wi induces the breaking: 



Gqllr ^ SU{2)i ® Glr, 
whilst the VEV for X2 gives: 

Gqllr Gql- 



Thus in the limit wi ^ 00 (wr — > 00) we essentially re- 
produce the usual 5d orbifold broken LR (QL) model. Note 
that both wi and wr, may be of order TeV (as we shall dis- 
cuss further in SectionlVlli. which will provide one of the dis- 
tinctions between our construct and 4d QLLR models studied 
to date. Previous models have required the scalars A to per- 
mit the seesaw mechanism to be operative. As we shall see 
in Section [V] the higher dimensional theory permits an alter- 
native mechanism for suppressing neutrino masses relative to 
the electroweak scale. Thus we may consider the model with- 
out the additional degrees of freedom required to implement 
the seesaw mechanism. 

IV. THE GAUGE SECTOR 



In this section we discuss the phenomenology of the gauge 
sector in detail. Let us first consider the charged bosons. We 
shall henceforth identify the SU{2) bosons in terms of their 
action on the zero mode fermion spectrum, i.e. Wi Wl 
and W2 Wr. The charged gauge bosons do not mix and 
have the KK mass towers: 



9s 2 
2 ' 



2n 
f2n- 



2n + l 
R 



1 



9s 2 
2 ' 



/2?i + 1 



(32) 
(33) 
(34) 
(35) 



where n = 0, 1, 2.... The mass of the lightest Y^, and Wr 
bosons are set by the inverse compactification scale and only 
Wl has a zero mode. We shall work under the assumption that 
wi^R <C 1/P and thus the only light charged boson is W^^^\ 
with all other charged bosons first appearing at energies of 
order 1/R. 

The neutral gauge bosons do mix with each other and we 
denote their mass terms as: 



(30) 



(31) where y=(M^j 



(36) 
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(37) 
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Only the zero mode gauge bosons possess masses less than 
1/ R and under our hierarchy \/R 3> wi^ji we may neglect 
the higher modes. In order to simplify the analysis it is useful 
to introduce the SM U{1)y field with coupling constant gy 
and a U{1)b-l field with coupling gB- In these terms the 
coupling constants are related by, 



and the fields 
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Z 
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= COS 6 


By 


f sin 6*1^]^, 



sin^By + cos6't^j?, 



(38) 



where the mixing angles are defined as 



tan = — , tan a — — and tan p — 



V^gs 



(40) 



Using Equations ( |40] i and ( [38] l one can relate all angles to the 
Weinberg angle, 6. 



sin a = tany, 

g sin t 



sin/3 = 



•\/3gs V cos 20 



(41) 
(42) 



By = COS a Bb + sin a W]^, 

= — sina i?B + cosa W]^, 

Bb = cos/3 By + sin/3 Gj', 

Z" = -sinP Bv + cos(3G^, 



(39) 



Expressing the zero mode neutral boson masses in terms of 
the fields ( [39] l reveals a massless photon (A) and mixing be- 
tween the remaining bosons. Writing Z — {Z, Z' , Z")"^ and 
'Cmass = \Z'^HZ one has 



I 



—rriz cot a sin I 



-mi cot a sin( 



^^tan26'tan/3 





tan 261 tan /3 



(43) 



where. 



and 



m 



2 7,2 



2cos2 6»' 

2 _ g^^"! I 



2 cos^ a 



cos a , 



25.' / , 9 



3 cos^ (3 



"^i +7^1 sin*/3 



(44) 



Letting w generically denote wi and Wfl, the physical mass- 
squared eigenvalues to O {^^^ are: 



where 



and 



-A = y/A^wi^ + Cwi^wR^ + B^wr'^, (49) 



C = ^(25-5^ sec' a), 



(50) 



B = - (.g^sec'a + Sg.'sin^/Jtan^/?) , (51) 

(52) 



with 



M| = m|, 



(45) 



M|, = Af ' ^ ^ cos' a cos' 6*, (46) 



M|„ = + - A + m|/x_ cos' a cos' 6, (47) 



M± = i±i(35,'sin'/3tan2/3-52sec'a)^ 



1 



±_g2sec'/3^ 
3^^* A 



(53) 



The leading order correction to the Z mass is obtained by re- 
taining higher order terms, giving 



= Awf + Bw% 



(48) 



(54) 
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where 



6m% = 



k 



cos^ a 



9 



tan'' e 



(55) 

It is unnecessary to determine the higher order corrections 
to the Z' and Z" masses. The physical Z-bosons are found 
by performing a 3-dimensional rotation of the interaction Z- 
bosons: 



^phy 
7' 

7" 




(56) 



We present the 3x3 mixing matrix U in Appendix|A] Using 
the resuhs from AppendixlAlone may verify the usual LR and 
QL behaviour of the neutral gauge sector in the various large 
w limits. For completeness we note that in the large wi limit 
we find 



Mi 



Mi, = 



Min = 



? 9 

2 cos^ a 

3 cos^ P ' 



k 

WR 



COS* a 



+ S 



LR, 



(57) 
(58) 

(59) 



where Slr — [^^j cos'' a. As expected, Z' is the usual 

LR boson and M|, agrees with aside from a misprint in 
that work lfl9ll . Furthermore, in this limit (C/33)^ 1 which 
implies that 



U 



cos ^ sin ^ 
— sin^ cos^ 
1 



(60) 



where we have defined £^ = —{C, + tp) in terms of the angles 
dAnt and (IaTsI i. We find 



tan^ 



U21/U11, 

A'' 

WR 



sm a cos a 



(61) 
(62) 



in agreement with ||7|l- 

In the large wr limit the heaviest physical neutral boson is 
a linear combination of Z' and Z" (see Appendix |B]i. The 
mass eigenvalues are 



m|(l 



4gf 



tan 



tan2 61 #2 



(63) 
(64) 



Mi 



: i(g^SGC^Q! + 3g^sin^/3tan^/3)w|f. (65) 

The mixing angle between Z and Z is given by (see Ap- 
pendix [B) 

tanC = ^ - ^, (66) 

4 V'^^i/ \5s/ cos 61 

a result which has not previously appeared in the literature. 



V. 5D QLLR WITH SPLIT FERMIONS 



Having discussed in some detail the symmetry breaking and 
gauge sectors of the model we now turn our attention to the 
fermions. One interesting aspect of studying models in addi- 
tional dimensions is the novel new mechanisms which become 
available to solve old problems. As we have already empha- 
sised, the scalar content of 4d QLLR models is quite compli- 
cated with the A scalars of equation ([8]) included to simul- 
taneously break the gauge symmetry and suppress neutrino 
masses below the electroweak scale (via the seesaw mecha- 
nism). These states have not been included in the 5d construct 
and thus we must present an alternative method of suppress- 
ing neutrino masses if we are to persist with the simplified 
scalar content. In doing this we will find we are also able 
to remove the troublesome mass relations which occur in 4d 
QLLR models without the need for a second Higgs bidoublet. 

Since all the fermions transform non-trivially under either 
SU{3)c or SU{3)i and either SU{2)i or SU{2)2, their Z2 x 
Z'2 transformations are given by: 



where a (a) are indices of the relevant SU{2) {SU (3)) group. 
The ± signs in the two equations are independent and gov- 
ern which chiral component of the fermion wavefunction 
will be odd and which even about the relevant fixed point. 
These orbifold boundary conditions (OBCs) force the two 
SU (2) L quark/lepton singlets of the SM to come from dif- 
ferent SU {2)2 doublets. We must therefore double the min- 
imal fermion content of our model compared with 4d QLLR 
models. This doubling of the fermion spectrum is typically 
required in 5d LR iQ] and QL models [ 101 . Thus the fermion 
spectrum is: 



(3,1,2,1,-1/3), 
i2,i2--(3,l,l,2,-l/3), 
gi,Q'i~ (1,3,2,1,1/3), 
g2,g'2~ (1,3,1,2,1/3), 



(68) 



where generation indices have been suppressed. The symme- 
tries of the QLLR model, together with the requirement that 
the low energy spectrum match that of the SM (up to possi- 
ble additional neutrinos), strongly restrict the fermion orbifold 
parities. Preservation of the Q ^ L and 1 <-> 2 symmetries in 
the Lagrangian together with the zero mode content require- 
ments completely specifies the OBCs of the fermions as: 



9 



Tr 

Tr' 

Tr' 
^2,L 



Tr 

^2,R 



e{+. 
e(- 
e(- 
e(+ 



+ 



^1,R 



^2,R 



T Ir 
^1,- 



T Ir 



2,L 



Tir _ 
' ^2,R 



u{+ 
d{+ 

u{- 
d{- 

u{- 

u{+ 
d{+ 



+ 



r,b,g 
r,b,g 
r,b,g 
r,b,g 



n'r^b.g 




n'^'b.g 




n'^'b.g 
^2,L 




n'r,b,g 
^2,R 









1,L 


{: 






















2,R 





b\g' 
b'.g' 
b\g' 
b'.g' 



r.bjQ 
r,b,g 
r,b,g 
r,b,g 



lb' ,g' 




-) 


1,L 




-) 


lb' ,g' 




+) 


l,R 




+) 


ib',g' 


[H- 


+) 


2X 




-) 


ib',g' 




-) 


2,R 


U(+, 


+) 



b',g' 
b',g' 
b',g' 
b',g' 



(69) 



r 



Here the numerical subscripts and the primes are used to la- 
bel different 5d fields such that Qi^ and Qir (Q'l^ and Q'^^) 
form the left and right chiral components of the one 5d field 
Qi iQ'i) etc., the superscripts r, b, g label quark colours and 
r', 5', g' label lepton colours. We have taken r' to be the colour 
of the SM leptons. Note that zero modes of some of the ex- 
otic b' and g' coloured leptons are present. The appearance of 
these states is a fortunate consequence of the fermion orbifold 
parity structure as they are required to ensure an anomaly free 
zero mode fermion content [22]. These states gain masses as 
in the 4d theory via the x Yukawa Lagrangian which has the 
form (we must define the action of the discrete symmetries 
before we can specify it exactly): 



E 

fermions 



hi (LILiXi + I 



(70) 



whilst the quarks remain massless since Xq has a vanishing 
VEV. We must also define the action of the QL and 1^2 
symmetries on the fermions. Due to the doubling of the 
fermion spectrum there are several ways we could do this. The 
various possibilities result in different phenomenology and in- 
fluence the extent to which the issues of neutrino mass, proton 
decay and unwanted mass relations can be resolved. Below 
we shall investigate the two most interesting scenarios. 

We structure the remainder of this section as follows. In 
Section lVAl we briefly introduce split fermions. Split fermion 
models fliise an inherently extra dimensional construct to 
motivate the masses of SM fermions and/or proton longevity. 
As we shall be employing split fermions to address these is- 
sues a brief introduction is in order. In Section lVBl we discuss 
the nature of neutrino mass and proton decay in our model. In 
Section lVCl we explore the use of split fermions with one pos- 
sible assignment for quarks, leptons and scalars under the QL 



and 1^2 symmetries. This assignment is interesting as it in- 
duces a fermion localisation pattern motivating the differences 
in quark and lepton masses observed in the SM. The hierarchy 
between, for example, the top quark and a Dirac neutrino is 
obtained with Yukawa couplings which vary by only a factor 
of five. 

We investigate an alternative symmetry assignment in Sec- 
tion IV D| This arrangement allows one to simultaneously 
suppress the proton decay rate and understand the range of 
fermion masses in the SM. We note that the symmetries of 
the model highly constrain the parameters required to localise 
fermions. It is a non-trivial result that we are able to remove 
the unwanted mass relations implied by the QL symmetry, 
suppress the proton decay rate by spatially separating quarks 
and leptons and understand some of the flavour features found 
in the SM. To the best of our knowledge this is the first model 
in the literature that motivates a localisation pattern which si- 
multaneously ensures proton longevity and addresses flavour. 
We demonstrate our ideas in this section with one generation 
examples and further work is required to ensure that these 
promising ideas carry over to a three generational model. A 
complete numerical analysis of the three generational setup is 
beyond the scope of the present work. 



A. Split Fermion Mechanism 

In extra dimensional models the effective 4d theory is ob- 
tained by integrating out the extra dimensions and any sym- 
metry or naturalness arguments should be made in the funda- 
mental extra dimensional model. The basic idea behind split 
fermion models is that by appropriately choosing the profiles 
of the fields in the extra dimensions, the conclusions of any 
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symmetry or naturalness argument in the extra dimensional 
model need not apply in the effective theory. In their orig- 
inal paper, Arkani-Hamed and Schmaltz (AS) L5J noted two 
situations where this observation is useful: to explain the hi- 
erarchy in SM fermion masses and to explain the stability of 
the proton. 

The work of AS was performed with an infinite extra di- 
mension. We are interested in the case where the extra dimen- 
sion is compactified and therefore follow ll23ll . To localise 
fermions along the extra dimension we introduce a gauge sin- 
glet bulk scalar, Si, assumed to possess odd parity about both 
fixed points. 

For a given bulk fermion, ip, the Yukawa Lagrangian with 
the bulk scalar Si is 

C = i^{lj''dM - /v-i Si ) V+ i^^'Si^MSi - ^ (£2 „ „2)2^ 

(71) 

where /^j, Ai and vi are constants. The OBCs prevent Si 
from developing a constant VEV along the extra dimension 
and lead to a kink configuration 

(Si) w vi tanh (CiWiy) tanh ^^lUi ^ ^) ) ' ^'^^^ 

where^i = Ai/2. Solving the Dirac Equation for the fermion 
gives: 

iP{y) = Ne^^J'o^^''^^y">'^y'. (73) 

Using (|72| | this solution is approximately a Gaussian of width 
(ftPiVi)^^ localized around y = Q(y = 7ri?/2) for /^^wi > 
i filial < 0). Thus by assuming distinct couplings to Si for 
distinct SM fermion multiplets one can localize them around 
different fixed points with varying widths. 

The fermion V' may be shifted from the fixed points by us- 
ing two localizing scalars. Si. 2, with VEVs ui 2 and fermion 
couplings /^j 2 . One finds that ^ is localized around y — 
(y = ttR/2) for f^^vi,f^^V2 > (/^iWi, /^2W2 < 0). How- 
ever, if sign(/^j^i;i) 7^ sign(/^2i;2), the localization of tjj will 
depend on the relative sizes of f^,-Vi. Cases exist where the 
fermion is localized around one of the fixed points, within the 
bulk or has a bimodal profile. Fermions localized inside the 
bulk generally have wider profiles than those localized at a 
fixed point. A detailed discussion of the various cases may be 
found in B . 

Having demonstrated the localization of fermions, we now 
discuss the motivation of AS for doing so. To simplify the ex- 
planation we shall assume that the fermion profiles are exactly 
Gaussians of width 

AS had two motivations for localising fermions. Firstly, 
since the left- and right-handed components of a given SM 
fermion are in different gauge multiplets they can be localized 
at different points in the extra dimension. The Higgs Yukawa 
coupling in the effective 4d theory is 

/: = / / AyF^FL'^ = fkKML, (74) 
Jo 

where L = tiR/2 is the length of the extra dimension, k is 
the Higgs VEV, K ^ FR{y)FL{y)dy ~ e"'^''^' and r is 



the separation between the left and right handed fields. Thus 
even if the fundamental Yukawa coupling, /, is of order one, 
that in the effective theory can be exponentially suppressed. 
Since fi and r will vary for different fermions it is natural to 
expect the observed hierarchy in SM fermion masses. Previ- 
ous studies have confirmed that it is possible to obtain the SM 
masses and mixings from this setup with reduced parameter 
hierarchies ||23ll3- The price we pay is that we must intro- 
duce a new free parameter for every scalar-fermion coupling. 
The setup therefore lacks predictivity, telling us nothing, for 
example, about the relative masses of the quarks and leptons, 
or the top and bottom quarks. 

Secondly, the AS proposal allows one to consider funda- 
mental theories which contain non-renormalizable proton de- 
cay inducing operators without insisting that the fundamen- 
tal scale be very large. Instead the operators may be sup- 
pressed in the effective theory by localizing quarks and lep- 
tons at opposite ends of the extra dimension. It was shown 
by AS that regardless of the particular proton decay inducing 
operator, this leads to suppression of the rate of proton decay 
going like ^ e^^ ^ . Thus provided ji > 10/L the proton 
lifetime will be greater than the experimental lower bounds. 
Whilst providing a novel alternative explanation for the sta- 
bility of the proton, this requires that we arbitrarily choose 
sign/g. ~ — sign//^ for all i,j where i (j) runs over all left- 
and right-handed SM quarks (leptons). 

In calculating the localization of the fermions in our model 
below, we shall do so only classically. In taking this approach 
we are following previous work on split fermions 02411 in as- 
suming that any quantum corrections will be small enough not 
to alter the qualitative nature of our fermion geography. Be- 
fore attempting to find realistic split fermion geographies for 
our model, we briefly discuss the nature of neutrino mass and 
proton decay within it. 



B. Neutrino mass and proton decay 

The nature of neutrino mass and proton decay in any model 
are related to the status of baryon and lepton number sym- 
metries. Our model contains accidental unbroken baryon- 
and lepton-number symmetries. Baryon number, B, takes the 
value 1/3 for quarks and —2/3 for the coloured scalar Xg- 
Lepton number is given by 

rpS, 

L^L'--l=. (75, 

where L' is 1/3 for leptons and —2/3 for xi- It is easy to 
check that all renormalizable Lagrangian terms which respect 
the gauge symmetries also conserve B and L. As such there is 
no process which will lead to Majorana neutrino mass or pro- 
ton decay at any order within the model. This differs from 4d 
QLLR models where the larger scalar sector precludes lepton 
number conservation. 

However, there are non-renormalizable operators which 
may induce these processes. The leading order effective oper- 



11 



ators resulting in Majorana neutrino masses are 



9 {xJxb.'^Ll)' 
9' iXiN-^RXR? 



A3 



(76) 



These operators can only lead to cosmologically acceptable 
masses for the right-handed neutrino while keeping the left- 
handed neutrinos light if we take the breaking scales to be at 
least > 100 TeV. For phenomenological reasons, such 
a possibility is uninteresting so we do not consider it further. 
Instead we will assume that these Majorana masses are zero 
or negligibly small. This could occur either if the cut-off, A, 
is large, or if a sub-group of the B and L symmetries is pre- 
served also above the cut-off so as to forbid these operators. 

Proton decay occurs non-renormalizably via the effective 
operator 



-jeff _ 

P (A7ri?)3/2 



1 eo.p^Q^Q^Q-'xL.L'- 



A3 



(77) 



Below we will consider two possibilities for preventing pro- 
ton decay. In Section IV CI we will assume this operator is 
unimportant either because the cut-off is high, or the high en- 
ergy theory respects the B symmetry evident at low energies. 



J 



In Section rVDI we consider the case where this operator can 
lead to significant proton decay and must be suppressed via 
the split fermion mechanism Ii25i] . 



C. Fermion mass relationships 

In the original 4d QLLR models with a single Higgs bidou- 
blet the QL symmetry led to phenomenologically inconsistent 
mass relations between the quarks and leptons. Depending on 
how we define the action of the discrete symmetries on the 
fermions, these can be partially removed in our 5d model due 
to the doubling of the fermion spectrum. To proceed any fur- 
ther we must define the action of the Q ^ L and 1 ^ 2 on 
the fermions, which we take to be 



L2 L'l 



L'2 

I 



(78) 



Q2 Q[ ^ Q2- 



If we take the Higgs bidoublet to transform trivially under 
1^2 and as $ ^ $ under QL, the resulting EW Yukawa 
Lagrangian is 



Li$L^) + A3(Qi$Q2 
I 



Li$i2) + A4(0i$02 + ^1*^2) + H.C.. (79) 



Note that the 1^2 symmetry requires 



Ai = Al, A4 



(80) 



The EW Yukawa Lagrangian for the SM particles, 

■"YukEw 



rSM ^ f ,„ 
''-'v..v^.., ^ -^Yukpw' 
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SM 

YukE' 



\ik*dLdR + \2kuLUR + \j,k*eLeR 
+MkVLVR + \i.c.. (81) 



Thus Equation ( 1801) implies m„ — me- As in the 4d case, 
these phenomenologically incorrect relationships can be re- 
moved by introducing a second Higgs bidoublet but at the cost 
of predictivity and without any explanation for the hierarchi- 
cal nature of SM fermion masses. 

Split fermions provide a natural alternative approach. 
Naively one may think that the symmetries of our model over 
constrain the extra dimensional fermion profiles. Indeed with 
only one localizing scalar, the quark doublet and the right- 
handed down quark and charged lepton of a given genera- 
tion necessarily have the same profile, albeit possibly local- 
ized around different fixed points (and similarly for the lepton 
doublet and right-handed up quark and neutrino). However, 
by using two localizing scalars with different parities under 



the symmetries it is possible to give the fermions different 
profiles and also move some fermions into the bulk. 

Taking Ei to be even under both the Q ^ L and 1^2 
symmetries and S2 even (odd) under Q ^ L (1 ^ 2) results 
in the Lagrangian 

^Yukti„k — fiQlQl + LILi + Q2Q2 + -^2-^2)^1 

+ f'i-QlQ'l - LiL[ - Q2Q'2 - L2L'2)^l 

+ giWiQi + LlLi - W2Q2 - LlL2)^2 

+ g'i-QTQ'i - Wl[ + QiQ'2 + ^^2)^2. (82) 

Taking /, /', g, g' > 0, the coupling of the SM quark doublets 
to both scalars is positive, strongly localizing them around the 
2/ = fixed point while the lepton doublets couple negatively 
ensuring they are localized at the y — L fixed point. The SM 
singlets couple to the two scalars with different signs allowing 
them to be localized at either fixed point or within the bulk. 
However the symmetries ensure that the profiles of the right- 
handed up quarks and neutrinos (down quarks and charged 
leptons) have identical extra dimensional profiles. 

We note that the localisation of fermions along the extra 
dimension does not suppress the mass of zero mode exotic 
leptons relative to wi. Inspection of eq. (iTOl i reveals that the 
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mass terms generated by the xi VEV couple exotic leptons 
from the same gauge muhiplet. As these fields necessarily 
have the same profile in the extra dimension the lightest ex- 
otic leptons are generically expected to have an order wi mass 
independent of the localization pattern required to achieve a 
realistic SM spectrum. 

In order to give a concrete example, we consider a single 
generation model. To determine the localisation pattern of 
fermions it is only necessary to specify the bulk scalar pa- 
rameters vi,2 and the Yukawa coupling constants f,f',g,g' 
as functions of and L = ttR/2. We take these to be 
vi = 4/(^iL) and V2 = 12/(^2^)- With the choice of 
fermion-S coupHngs / = 28.4^i, /' = 14.4i^i, g = 
7-0^2 g' — 6.4^2,- The resulting fermion localization pat- 
tern is shown in Figure [T] and is of interest as it allows us to 
explain several SM features: 

• The top singlet is localized on top of the quark doublet 
so we expect nit ~ k, while the bottom singlet is in 
the bulk leading us to expect rrit > rrib. Since bn is 
localized in the bulk it has a relatively large width. This 
ensures that the suppression of nii, is not too large. 

• The tau singlet is localized in the bulk close to the 
opposite fixed point to the lepton doublet leading to 
mt > rrir- Again the large width of tr prevents the 
suppression being too large. 

• The right handed neutrino is strongly localized with 
about the opposite fixed point to the lepton doublet. The 
strong localization of both vl and vn allows the neu- 
trino mass to be tiny. 

Recalling that our symmetries force the Higgs Yukawa cou- 
pling of the top and tau to be identical (Eq. dSOl l ), the 
Yukawa couplings Xt = \t = \b = — 1-01 lead to 
masses ll29ll mt = 169 GeV, rub = 4.16 GeV, rrir = 
1.77 GeV, nil, = 26 meV. Hence we are able to obtain 
realistic fermion masses with fewer free parameters than pre- 
viously required. Whilst a complete three generation study re- 
mains to be undertaken, this approach does appear to provide 
a viable and novel approach to explaining the SM fermion 
masses with fewer free parameters and without any parameter 
hierarchies. It also nullifies the phenomenologically incorrect 
mass relationships of previous QLLR models. 

D. Simultaneously Suppressing Proton Decay and Obtaining 
Correct Fermion Masses 

We have shown that our 5d QLLR setup enables us to obtain 
realistic fermion masses. However this setup does not allow 
one to suppress the proton decay rate. Proton decay occurs in 
the 5d QLLR model from operators of the form 

Op - J^Q'Lx], (83) 

where Q (L) denotes a quark (lepton) field and A is the funda- 
mental scale. As quarks and leptons have significant fifth di- 
mensional wavefunction overlap with the setup in Section|V£] 
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FIG. 1: Fermion profiles for the parameter values described in Sec- 
tion |VC] Solid line = Ql, short dash = bR,TR, long dash = t[i,h'R 
and the dot-dash = Ll ■ Note that some of the fermions possess iden- 
tical profiles. In particular the inset shows the identical profiles of bn 
and TR about x/ L = 1. 

one must take the fundamental scale to be large or extend the 
model to ensure proton longevity. If one simply assumes the 
cutoff is large the usual fine tuning is required to stabilize the 
Higgs mass at the electroweak scale. 

It was shown in |26] that models with a QLLR symme- 
try admit a split fermion setup which suppresses proton de- 
cay less arbitrarily than the split fermion implementation of 
the SM. This requires one of the localizing scalars to be odd 
(even) under Q ^ L (1 ^ 2). Unfortunately neither of the 
scalars in Section [VCl transformed in this way. If the fermion 
transformations of Eq. (fTSl l are retained and one of the local- 
izing scalars of Section IVCl is forced to be odd (even) under 
the Q ^ L (1 ^ 2) symmetry, the resulting fermionic geogra- 
phies require large parameter hierarchies to produce realistic 
mass spectra. We instead choose $ to be trivial under QL and 
the fermions to transform as 

Ll ^ L2 L[ ^ L'2 
till (84) 

Ql ^ Q'2 Ql ^ Q2 

under the QL and 1^2 symmetries which leads to the mass 
relationship = ttLc- Choosing Ei (E2) to be odd (odd) 
under the Q ^ L symmetry and even (odd) under the 1^2 
symmetry, the localizing scalar Yukawa Lagrangian is 

-^Yukkint ^ fiQlQl - L\Li + Q2Q'2 - -^2-^2)^1 

+ fiO^Q'i - L^L'i + W2Q2 - 

+ g{-QfQi + LfLi + Q^Q'^ - 1412)^2 

+ g'i-Q^Q'i + LTL[ + QIQ2 ~ 1^4)^2. (85) 

If we take /, /', g, g' > 0, all the right handed fermions are 
localized at the ends of the extra dimension, with quarks at 
one end and leptons at the other Further, we find that u ^ {dn) 
localized about y = has the same profile as eji (lyji) around 
y = L. Meanwhile the quark and lepton doublets have un- 
related profiles with peaks in the bulk. This is precisely the 
setup advocated in ll27l l28ll to achieve a naturally small neu- 
trino Dirac mass. That the leptons are lighter than the quarks 
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now results from the lepton doublet been more strongly lo- 
calised than the quark doublet. It then follows that we expect 
m^/nir ^ nifj/nit since the difference in the amplitudes of 
the right handed wave functions becomes more dramatic the 
further in to the bulk we move. 

Again simplifying to the one generation case, the parameter 
choice VI = 7.9/(ai), f2 = 69/(6^) and / = 15.6^1, /' = 
865^1, g = 0.440^2, 5' — 33.3^2, produces the fermion local- 
ization pattern shown in Figure |2l Note that the overlap be- 
tween quarks and leptons is small enough to suppress the pro- 
ton decay rate below current bounds with an order 10-100 TeV 
fundamental scale. If we take At = 1.32, Ab = Ar = 0.0713 
and A^ — 0.3, the fermion masses are rut ~ 173 GeV, 
rub = 4.13 GeV, = 1.78 GeV and ^ 77 meV. This 
setup does contain some hierarchy: for vi fa V2 one requires 
A2 ~ lOOAi which leads to a hierarchy of 0(10^) between 
the smallest and largest S Yukawa coupling. This remains a 
vast improvement over the ~ 12 orders of magnitude param- 
eter hierarchy required to explain fermion masses with Dirac 
neutrinos in the SM. It is also, to our knowledge, the first re- 



aUzation of the ideas of AS which implements both features 
of their proposal. Further work is required to check that this 
carries over to three generations and that, in particular, the 
SM mixing angles may be reproduced [30]. However if this is 
shown to be the case this would represent the first dynamical 
setup to produce both realistic fermion masses and suppress 
proton decay via the split fermion mechanism. 



VI. NEUTRAL CURRENTS 

Having specified the fermion content we now present the 
neutral currents of the model and obtain bounds on the sym- 
metry breaking scales wr and wi. Since we consider 
wi , wr it shall suffice to consider the interactions of the zero 
mode fermions and gauge bosons. After changing to the neu- 
tral gauge boson mass eigenstate basis by diagonalizing the 
matrix H with the rotation ( |A3t the neutral current interac- 
tions for the zero mode fields may be written as 



-NC 



eA^'Q 



Z'^^i,.. Anc 



.cos 9 J p'^y 

where the zero mode components of the current are 



cost 



Zphy Bnc + (^) Cnc 



J 



00 

NC, 



and we have defined 

Anc = hL{Uii+5z)-Q[Uiisvc?e + 5z) + hB{U2icosacose + 5z) + TiUzi 
Bnc = hL{Ui2 + 5 z')-Q{Ui2siv?e + 5z')+hR{U22 cos a cose + 5 z')+TiU; 



gs cos 

2g cos (3 ' 
gs cos 9 



32 



Cnc = hdUii + Sz") - Q{Ui3 sin^ 9 + Sz") + /ai? (C/23 cos acos9 + Sz") + TiU^ 



2g cos/3' 
gs cos 9 
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2g cos (3 ' 



(86) 
(87) 

(88) 
(89) 
(90) 



where 

5z = sin0(f/2i tana + C/31 secatan/3), (91) 

5z' = sin0(C/22 tana + C/32 secatan/3), (92) 

5z" = sin^^(^723tana + C/33secatan/3), (93) 

where the form of the elements of U may be found in Ap- 
pendix |A] These couplings may now be used to bound the 
symmetry breaking scales wr^i. We achieve this by perform- 
ing a fit of the predictions of this model to the following 
electroweak precision data: 

T> A aFB 

QwiCs) , Qw{Tl) 

Tz , fThad . (94) 



Under the phenomenological necessary assumption that 
Mz' ^ Mz, the physical consequences of the corrections to 
the coupling of Zphy far outweigh the new physics resulting 
from the couplings to Z'^j^y. Thus we include only this domi- 
nant effect when determining our bounds. We find that in the 
LR limit one requires wr > 4.8 TeV (wr > 6.2 TeV) at the 
95% (90%) confidence level, which leads to Mz' > 2.7 TeV 
(Mz' > 3.4 TeV). Note that we fit to more precision elec- 
troweak parameters than previous works using neutral cur- 
rents to bound LR breaking scales and thus, to the best of our 
knowledge, this is the strongest bound on wr from the neutral 
sector yet obtained in the literature (for previous bounds see 
SH^Elll)- In the QL limit, it is necessary that w; > 1.5 TeV 
(wi > 2.0 TeV) and Mz' > 1.6TeV(A/z' > 2.0 TeV). If 
both Wr and wi are close to their lower bounds, it is possible 
that Mz" is also at the TeV scale. In this case, at 95% confi- 
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FIG. 2: Fermion profiles for the parameter values described in Section lVDI Note only the regions around the ends of the extra dimension are 
plotted as all fermions have miniscule amplitudes in the central region. Quarks (leptons) are shown in the left (right) plot. Solid line=(5 l{Ll), 
short dash=d[i{i'i{), dot-dash=Ui{(eii). 



FIG. 3: Plot of the values of wjij which are consistent with a 
fit to the electroweak precision parameters (see equation i94\ ). The 
grey (black) region is excluded at the 90% (95%) confidence level 
and the units are in TeV. 



dence, we find wr > 6.3 TeV, wi > 2.1 TeV which leads to 
Mz' > 2.1TeV,A/z'/ > 3.5 TeV. These bounds are shown 
in Figure |3] 



VII. EXPERIMENTAL SIGNATURES 

In the limit 1/R ^ wi,R the key signatures of 5d QLLR 
models result from the additional neutral gauge bosons and 
the liptons. The discovery of an additional neutral gauge bo- 
son at the LHC would be via Drell-Yann processes pp 
Z' l^l^ ||32[ I33I1 . The lower center-of-mass energy of a 
next generation linear collider (NLC) precludes the produc- 
tion of real Z's. Thus any discovery at the NLC would be 



made by measuring e"^ 



// and observing corrections 



resulting from interference between diagrams with a Z' prop- 



agator, and those with a 7 or Z 13211 . to the relevant quantities 
discussed in SectionlVll 

Current data allows a Z' at TeV energies regardless of 
the hierarchy between wi and wr, however the discovery 
prospects depend strongly on this hierarchy. In the limit 
wr < wi the additional boson is basically that of the LR 
model. Previous studies have found that Z'^j^ is discov- 
erable up to a mass of about 5 TeV at the LHC (or NLC 
with = 1 TeV) with an integrated luminosity of lOOfb^^ 
iHlMl. If wi < WR the light Z' is that of the QL model. 
In this case discovery at a hadron collider such as the LHC 
is unlikely since the cross section of the Drell-Yann process, 
(t{pp Z')B{Z' l^l^), will not be large. This is since 
Z' contains a large fraction of G" which does not couple to the 
quarks, meaning the cross section a{pp — > Z') will be small. 
The discovery prospects are greater at the NLC since has 
large universal couplings to all leptons. These couplings are 
quite different from any of the canonical Z's usually consid- 
ered, providing a distinctive signature. 

The most interesting case is when wr^ ^ wi. Then both 
Z' and Z" possess significant couplings to the SU{3)i and 
SU {2)r neutral currents and may have TeV masses. As such 
they could both be produced at the LHC. The prospects of 
discovery depend on the masses of the liptons, which are of 
order wi. If the Z' bosons can decay into liptons their branch- 
ing fraction into charged leptons will reduce and hence the 
Drell-Yann cross section will be smaller. The presence of light 
liptons would afford alternative discovery channels, with lip- 
tonic final states, at the LHC. At a linear collider light liptons 
are unimportant since only virtual Z's are produced. However, 
diagrams with both Z' and Z" propagators will interfere with 
those of the SM, causing corrections. Without prior knowl- 
edge of the mass and mixings of the neutral gauge bosons their 
couplings to fermions are unknown. Thus separating their ef- 
fects and categorically identifying the nature of the bosons is 
difficult. 

If wi is at the TeV scale then the production of liptons 
is also possible at the LHC. For 1/R ^ wi, only the zero 
mode liptons with orbifold parity (+,+), which are in dif- 
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ferent SU{3)i multiplets to the SM leptons, can be produced. 
Since both the ¥-^2 and Wr bosons have (+, — ) orbifold par- 
ity, they do not directly couple the lightest Uptons to the SM 
leptons. As the unbroken SU{2)i is expected to be confining 
these liptons will form bi-lipton bound states. These states 
will decay into SM fermions via creation of a W, Z or photon. 
This will produce a clear experimental signature, the details of 
which are similar to those obtained in the 4d QLLR model (5]. 

Vm. CONCLUSION 

In this paper we have constructed and analysed the 5d 
QLLR model. We have shown that the higher dimensional 
construct permits a novel mechanism for suppressing neutrino 
masses below the electroweak scale and allows one to dramat- 
ically simplify the scalar sector employed in 4d constructs. 
This allows one to keep both the QL and the LR symmetry 
breaking scales low (TeV energies) so that two neutral gauge 
bosons may be observed at the LHC. 

Split fermions were used to explain some of the features 
of the SM mass spectrum. Two interesting fermionic geogra- 
phies were presented, each of which provided a rationale for 
the relationships TOj > nii,, and ni,^ ^ m^. One of these 
had no Yukawa coupling hierarchy but to suppress the proton 
decay rate required either a large cut-off or that the fundamen- 
tal theory observed the accidental B and L symmetries of the 
QLLR model. In the former case, fine tuning was required 
to stabilize the Higgs boson mass at the electroweak scale. 
The alternative arrangement suppressed the proton decay rate 
by spatially separating quarks and leptons in the extra dimen- 
sion. Thus the hierarchy problem was alleviated but at the 



cost of introducing an order 10^ Yukawa coupling hierarchy. 
Given the extent to which the symmetries of the model con- 
strain the Yukawa sector it is a non-trivial result that interest- 
ing fermionic geographies can be obtained with mild Yukawa 
coupling hierarchies. These arrangements show promise but 
further work is required to ensure that a fully realistic three 
generational setup may be obtained. 
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APPENDIX A: NEUTRAL GAUGE BOSON MIXING 

The physical Z-bosons are found by performing a 3- 
dimensional orthogonal rotation of the interaction Z-bosons. 
Defining 

= i^phy, Z'piiy, Zpf^y)'^ , 

Zi = {Z,Z\Z"f, (Al) 
the relationship between the physical and interaction states is 

Zp = U-^Zi, (A2) 

with the diagonalized mass matrix being D = U^^HU and 
H is defined in (|43] |. We will parameterize the rotation matrix 

as 



cos C cos ip — cos a sin C sin ip cos ip sin C, + cos cos a sin ip sin a sin ip 
U{C,a,tp)= I — cos (T cos V' sin C — cos C sin cos C cos ct cos — sin C sin -0 cos -0 sin cr 

sin ^ sin a — cos C sin a cos cr 



(A3) 



and we note that J7 ^{(,a,tjj) = C/(— -0, — cr, — C)- To order 
O (^1^^ we find 



U23 = -U32 = ^/jr^ + ml sin 26* tan (3^, ( A8) 



U21 



Uii = 1, 



m| cos^ a cos 0{9wj^ sin /3 + 



(A4) 



(A5) 



U12 = 

Ui3 = 



Af2 - iA 



?733 cosacos^, (A9) 



Af2 + iA 



U32 cos a cos f 



(AlO) 



— S-v/Sm'icos^ Q;cos/3cos0sin^ /3 , . 

U31 ^ ^ (A6) 

2ggsWf 



2 2 

U33 = U22 = - m| sin 261 tan (A7) 



Expressing the mixing angles in terms of the elements Uij we 
have 



a — arccos[[/33], 

C — arcsin[C/3i CSC cr], 

■0 — arcsin[C/i3 CSC cr], 



(All) 
(A12) 
(A13) 
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if (J 7^ and 



so that 



ip + C, = — arcsin J721 , 



(A14) 



if a = 0. 



APPENDIX B: LARGE LR BREAKING LIMIT 



= u-^Zi 



(B4) 



In the hmit wr oo one has U13 ^ so that i/j 0. 
Thus 



cos C sin C 

U = \ — cos a sin C cos C cos a sin a 
sin C sin (T — cosCsincr cosct 

This may be written as [/ = RaR(; where 

1 
Ra = I COS (7 sincr 
— sin a cos cr 



Rc 



cos C sin C 
— sin ( cos C 
1 



(Bl) 



(B2) 



(B3) 



where we have redefined the interaction basis as Zj = 
R^^Zj. In this basis, one of the additional neutral gauge 
bosons, Zq^, decouples in the large wu limit. The mixing be- 
tween the SM Z boson and the other additional neutral gauge 
boson, Z'q]^, in this limit is given by (. These extra gauge 
boson are 



Z'qj^ = COS crZ' — sinaZ" , 
= sino-Z' +cos(tZ", 



(B5) 
(B6) 



with Z' and Z" defined in ( [39] l and the subscript emphasises 
that Z'qj^ is the extra neutral boson found in the QL symmetric 
model. 
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